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Point totals are given for each part of the question. 

If you run out of room, continue writing on the back of the same page.  If you do so, 
make a note on the front part of the page! 

Note:  You must solve the problem following the instructions given in the problem.  
Correct answers alone will not receive full credit. 

Partial Credit: 
 → Show Your Work!  Answers written with no explanation will not receive full 
credit. 

→ You can receive credit for describing the method you would use to solve a 
problem, even if you missed an earlier part. 
 

 
Problem Credit Max. Credit 

1  25 
2  25 
3  25 
4  25 

TOTAL  100 
 

 

  



𝑟 ∙ 𝑠 = 𝑟𝑟 cos𝜃        𝑟 × 𝑠 = 𝑑𝑑𝑑 �
𝑥� 𝑦� 𝑧̂
𝑟𝑥 𝑟𝑦 𝑟𝑧
𝑠𝑥 𝑠𝑦 𝑠𝑧

�      𝐹⃗ = 𝑚𝑟̈   𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑎: 𝑥(𝑡) = 𝑥0 + 𝑣0𝑡 +

1
2
𝑎𝑡2;𝑣(𝑡) = 𝑣0 + 𝑎𝑎;  𝑣𝑓2 − 𝑣𝑖2 = 2𝑎∆𝑥      𝑓 = −𝑓(𝑣)𝑣�     𝑓(𝑣) = 𝑏𝑏 + 𝑐𝑣2                      
𝐹⃗ = 𝑞�𝐸�⃗ + 𝑣⃗ × 𝐵�⃗ � 𝑚𝑣̇ = −𝑚̇𝑣𝑒𝑒 + 𝐹𝑒𝑒𝑒 𝑣 − 𝑣0 = 𝑣𝑒𝑒 ln 𝑚0

𝑚
 𝑅�⃗ = 1

𝑀
∑ 𝑚𝛼𝑟𝛼𝑁
𝛼=1             

𝑅�⃗ = 1
𝑀 ∫ 𝑟 𝑑𝑑 = 1

𝑀 ∫𝜌 𝑟 𝑑𝑑 ℓ�⃗ = 𝑟 × 𝑝  𝐿�⃗ = ∑ 𝑟𝛼 × 𝑝𝛼𝑁
𝛼=1  𝐿�⃗ ̇ = Γ⃗𝑒𝑒𝑒 Δ𝑇 =

𝑇2 − 𝑇1 = ∫ 𝐹⃗ ∙ 𝑑𝑟 = 𝑊(1 → 2)2
1      𝑇 = 𝑚𝑣2/2    𝑈(𝑟) = −𝑊(𝑟0 → 𝑟) = −∫ 𝐹⃗(𝑟′���⃗ ) ∙ 𝑑𝑟′��⃗𝑟

𝑟0
           

∇��⃗ × 𝐹⃗ = 0 𝐹⃗ = −∇��⃗ 𝑈       𝐸 = 𝑇 + 𝑈1 + ⋯+ 𝑈𝑛    ∆𝐸 = 𝑊𝑛𝑛 𝑡 = �𝑚
2 ∫

𝑑𝑑′
�𝐸−𝑈(𝑥′)

𝑥
𝑥0

      

𝐹⃗(𝑟) = 𝑓(𝑟)𝑟̂ 𝑈 = 𝑈𝑖𝑖𝑖 + 𝑈𝑒𝑒𝑒 = ∑ ∑ 𝑈𝛼𝛼 + ∑ 𝑈𝛼𝑒𝑒𝑒𝛼𝛽>𝛼𝛼  𝑁𝑁𝑁 𝑓𝑓𝑓𝑓𝑓 𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝛼 =
−∇𝛼𝑈   𝑇 + 𝑈 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝐹 = −𝑘𝑘 ↔ 𝑈 = 1

2
𝑘𝑥2 𝑥̈ = −𝜔2𝑥 ↔ 𝑥(𝑡) = 𝐴 cos(𝜔𝜔 − 𝛿)    

𝑥̈ + 2𝛽𝑥̇ + 𝜔0
2𝑥 = 0 ↔ 𝑥(𝑡) = 𝐴𝑒−𝛽𝛽 cos(𝜔1𝑡 − 𝛿) (𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝛽 < 𝜔0),𝛽 =

2𝑏
𝑚

,𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓𝑓 = −𝑏𝑏,𝜔0 = �𝑘
𝑚

,𝜔1 = �𝜔02 − 𝛽2      𝐹(𝑡) = 𝑚𝑓0 cos(𝜔𝜔) , 𝑥(𝑡) =

𝐴 cos(𝜔𝜔 − 𝛿) ,𝑤ℎ𝑒𝑒𝑒 𝐴2 = 𝑓02

�𝜔0
2−𝜔2�

2+4𝛽2𝜔2
    𝛿 = tan−1 � 2𝛽𝛽

𝜔0
2−𝜔2�     𝑆 =

∫ 𝑓[𝑦(𝑥),𝑦′(𝑥),𝑥]𝑑𝑑 𝑥2
𝑥1

,   𝜕𝜕
𝜕𝜕
− 𝑑

𝑑𝑑
𝜕𝜕
𝜕𝑦′

= 0 

𝑆 = ∫ 𝑓[𝑥(𝑢),𝑦(𝑢), 𝑥′(𝑢),𝑦′(𝑢),𝑢]𝑑𝑑 𝑢2
𝑢1

, 𝜕𝜕
𝜕𝜕

= 𝑑
𝑑𝑑

𝜕𝜕
𝜕𝑥′

,𝑎𝑎𝑎 𝜕𝜕
𝜕𝜕

= 𝑑
𝑑𝑑

𝜕𝜕
𝜕𝑦′

 ℒ = 𝑇 − 𝑈  

𝜕ℒ
𝜕𝑞𝑖

= 𝑑
𝑑𝑑

𝜕ℒ
𝜕𝑞̇𝑖

 [𝑖 = 1, …𝑛]        𝑝𝑖 = 𝜕ℒ
𝜕𝑞̇𝑖

          ℋ = ∑ 𝑝𝑖𝑞̇𝑖𝑛
𝑖=1 − ℒ        𝑟 = 𝑟1 − 𝑟2 𝜇 = 𝑚1𝑚2

𝑚1+𝑚2
 

𝑈𝑒𝑒𝑒 = 𝑈(𝑟) + 𝑈𝑐𝑐(𝑟) = 𝑈(𝑟) + ℓ2

2𝜇𝑟2
   𝑢′′(𝜑) = −𝑢(𝜑) − 𝜇

ℓ2𝑢(𝜑)2
𝐹    

𝑟(𝜑) = 𝑐
1+𝜖 cos𝜑  𝑓𝑓𝑓 𝐹 = − 𝛾

𝑟2
,𝑤𝑤𝑤ℎ 𝑐 = ℓ2

𝛾𝛾
              𝐸 = 𝛾2𝜇

2ℓ2
(𝜖2 − 1) 

𝐹⃗𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = −𝑚𝐴          𝜔��⃗ = 𝜔𝑢�     𝑣⃗ = 𝜔��⃗ × 𝑟           �𝑑𝑄
�⃗

𝑑𝑑
�
𝑆0

= �𝑑𝑄
�⃗

𝑑𝑑
�
𝑆

+ Ω��⃗ × 𝑄�⃗   

𝑚𝑟̈ = 𝐹⃗ + 𝐹⃗𝑐𝑐𝑐 + 𝐹⃗𝑐𝑐 ,𝑤𝑤𝑤ℎ 𝐹⃗𝑐𝑐𝑐 = 2𝑚𝑟̇ × Ω��⃗ ,𝑎𝑎𝑎 𝐹⃗𝑐𝑐 = 𝑚�Ω��⃗ × 𝑟� × Ω��⃗       

𝑔⃗ = 𝑔⃗0 + �Ω��⃗ × 𝑅�⃗ � × Ω��⃗      𝑁𝑜𝑜 = 𝑁𝑖𝑖𝑖𝑛𝑡𝑡𝑡𝜎𝑜𝑜           𝑁𝑠𝑠(𝑖𝑖𝑖𝑖 𝑑Ω) = 𝑁𝑖𝑖𝑖𝑛𝑡𝑡𝑡
𝑑𝑑
𝑑Ω

(𝜃,𝜙)𝑑Ω         
𝑑𝑑
𝑑Ω

= 𝑏
sin𝜃 �

𝑑𝑑
𝑑𝑑
�             𝑑𝑑

𝑑Ω
= � 𝑘𝑘𝑘

4Esin2(𝜃/2)
�
2
        𝑞𝚤̇ = 𝜕ℋ/𝜕𝑝𝑖 and 𝑝𝚤̇ = −𝜕ℋ

𝜕𝑞𝑖
  [𝑖 = 1, …𝑛]       

𝐿�⃗ = 𝐿�⃗ (𝑚𝑚𝑚𝑚𝑚𝑚 𝑜𝑜 𝐶𝐶) + 𝐿�⃗ (𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑡𝑡 𝐶𝐶) 
𝑇 = 𝑇(𝑚𝑚𝑚𝑚𝑚𝑚 𝑜𝑜 𝐶𝐶) + 𝑇(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑡𝑡 𝐶𝐶) 𝐿�⃗ = 𝐼𝜔̿��⃗               

𝐼 ̿ = �
𝐼𝑥𝑥 𝐼𝑥𝑥 𝐼𝑥𝑥
𝐼𝑦𝑦 𝐼𝑦𝑦 𝐼𝑦𝑦
𝐼𝑧𝑧 𝐼𝑧𝑧 𝐼𝑧𝑧

�      𝐼𝑥𝑥 = ∑ 𝑚𝛼(𝑦𝛼2 + 𝑧𝛼2)𝛼 , 𝑒𝑒𝑒.       𝐼𝑥𝑥 = −∑ 𝑚𝛼𝑥𝛼𝑦𝛼𝛼 , 𝑒𝑒𝑒.      𝐿�⃗ = 𝜆𝜔��⃗     

�𝐼 ̿ − 𝜆1��𝜔��⃗ = 0     Characteristic equation: 𝑑𝑑𝑑�𝐼 ̿ − 𝜆1�� = 0      𝐼′̿ = �
𝜆1 0 0
0 𝜆2 0
0 0 𝜆3

�   𝐿�⃗ ̇ + 𝜔��⃗ × 𝐿�⃗ =

Γ⃗       𝑀�𝑞̈⃗ = −𝐾�𝑞⃗        𝑇 = 1
2
∑ 𝑀𝑗𝑗𝑗,𝑘 𝑞̇𝑗𝑞̇𝑘         𝑈 = 1

2
∑ 𝐾𝑗𝑗𝑗,𝑘 𝑞𝑗𝑞𝑘        𝑞⃗(𝑡) = 𝑅𝑅�𝑎⃗ 𝑒𝑖𝑖𝑖�        



�𝐾� − 𝜔2𝑀��𝑎⃗ = 0        𝜙̈ + 2𝛽𝜙̇ + 𝜔0
2 sin𝜙 = 𝛾𝜔0

2 cos(𝜔𝜔) ,𝑤𝑤𝑤ℎ 𝛾 = 𝐹0
𝑚𝑚

,𝑎𝑎𝑎 𝐹(𝑡) =

𝐹0 cos(𝜔𝜔)        |Δ𝜙(𝑡)|~𝐾𝑒𝜆𝜆       𝑞𝚤̇ = 𝜕ℋ/𝜕𝑝𝑖 and 𝑝𝚤̇ = −𝜕ℋ
𝜕𝑞𝑖

  [𝑖 = 1, …𝑛]   

Δ𝑡 = 𝛾Δ𝑡0     𝛾 = 1/�1 − 𝛽2,    𝛽 = 𝑉/𝑐    ℓ = ℓ0/𝛾         𝑥′ = 𝛾(𝑥 − 𝑉𝑉),   𝑦′ = 𝑦, 𝑧′ = 𝑧,
𝑡′ = 𝛾(𝑡 − 𝑉𝑉/𝑐2)          𝑣𝑥′ = 𝑣𝑥−𝑉

1−𝑣𝑥𝑉/𝑐2
, 𝑣𝑦′ = 𝑣𝑦

𝛾(1−𝑣𝑥𝑉/𝑐2) , 𝑣𝑧′ = 𝑣𝑧
𝛾(1−𝑣𝑥𝑉/𝑐2)       𝑞

(4)′ = Λ𝑞(4)           

𝑥(4) ∙ 𝑦(4) = 𝑥1𝑦1 + 𝑥2𝑦2 + 𝑥3𝑦3 − 𝑥4𝑦4         𝑢(4) = 𝑑𝑥(4)

𝑑𝑡0
= 𝛾(𝑣⃗, 𝑐)      𝑝(4) = 𝑚𝑢(4) =

(𝛾𝛾𝑣⃗,𝛾𝛾𝛾) = (𝑝,𝐸/𝑐)      𝛽 = 𝑝𝑐/𝐸       𝑝(4) ∙ 𝑝(4) = −(𝑚𝑚)2    E = 𝛾𝑚𝑐2    𝐸2 = (𝑚𝑐2)2 +
(𝑝𝑐)2        F�⃗ = 𝑑𝑝/𝑑𝑑 with 𝑝 = 𝛾𝑚𝑣⃗        𝐾(4) = 𝑑𝑝(4)

𝑑𝑡0
= 𝛾�𝐹⃗, 𝑣⃗ ∙ 𝐹⃗/𝑐�  

Photon: 𝑝𝛾
(4) = ℏ𝜔

𝑐
�𝑘� , 1� 

Binomial expansion for x <<1: (1 + 𝑥)𝑛 ≅ 1 + 𝑛𝑛 + 𝑛(𝑛−1)
2

𝑥2 

1
1 + 𝑥

= 1 − 𝑥 + 𝑥2 − 𝑥3 + ⋯    (𝑥 < 1) 

 


